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Abstract
Herein, we study the numerical solution with the help of Chebyshev spectral
collocation method for the ordinary diﬀerential equations which describe the ﬂow of
viscoelastic ﬂuid over a stretching sheet embedded in a porous medium with viscous
dissipation and slip velocity. The novel eﬀects for the parameters which aﬀect the
ﬂow and heat transfer, such as the Eckert number coupled with a porous medium
and the velocity slip parameter, are studied. Also, the convergence analysis for the
proposed method is addressed.
Keywords: viscoelastic ﬂuid; Chebyshev spectral collocation method; porous
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1 Introduction
Owing to the importance of the ﬂuid ﬂow over a stretching surface because of its prac-
tical applications such as hot rolling, ﬁber plating, and lubrication processes, Crane []
was the ﬁrst researcher to investigate an analytical solution to the problem of Newtonian
boundary layer equations for the ﬂow due to a stretching surface. In the same context,
similar problems of Newtonian ﬂow at diﬀerent situations past a stretching surface have
been extended by many authors [–].
The viscoelastic ﬂuid belongs to a very important class of non-Newtonian ﬂuids which
is often found inmany ﬁelds of engineering ﬂuid mechanics because of its immense appli-
cations, such as inks, paints, and jet fuels. From this standpoint and because of this great
importance to this type of ﬂuid, many researchers turned to the study of this type under
diﬀerent conditions. From these researchers, for example, but not limited [–].
Motivated by the above mentioned studies, the eﬀects of velocity slip is absence. How-
ever, this phenomenon is very interesting in ﬂuid mechanics. The earliest slip boundary
condition was proposed byNavier []. After the pioneering work of Navier [], many pa-
pers dealing with this aspect are presented [–]. In the same context, velocity slip eﬀect
on the viscoelastic ﬂuid ﬂow and heat transfer was introduced by many authors [–].
© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
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The prediction of heat transfer characteristics for the non-Newtonian viscoelastic ﬂuids
in porous media is very important due to its practical engineering applications, such as
oil recovery, ﬂow through ﬁltering media, and food processing. So, in this work a new vi-
sualization for the eﬀects of viscous dissipation, non-uniform heat generation/absorption
and velocity slip on the ﬂow and heat transfer of a viscoelastic ﬂuid over a stretching sheet
embedded in porous medium is presented.
The Chebyshev collocation methods are used to solve many problems of ODEs and
PDEs [, ]. We can solve ODEs or PDEs to high accuracy on a simple domain using
these methods. They can often achieve  digits of accuracy where the ﬁnite diﬀerence
method or ﬁnite element method would get two or three digits of accuracy []. At lower
accuracies, they demand less computational time and computermemory than the alterna-
tives. For a recent eﬃcient use of spectral methods, in physical and engineering problems,
see [, ]. So, in this work, we use the properties of the Chebyshev polynomials to de-
rive an approximate formula of the integer derivative D(n)y(x) and estimate an error upper
bound of this formula, then we use this formula to solve numerically the proposed prob-
lem.
2 Formulation of the problem
In this section, we will consider a two-dimensional boundary layer ﬂow of an incompress-
ible viscoelastic ﬂuid over a stretching sheet embedded in a porous medium. The origin is
located at a slit, through which the sheet (see Figure ) is drawn through the ﬂuidmedium.
The x-axis is chosen along the sheet and the y-axis is taken normal to it.
The sheet is assumed to have the velocity U = cx where x is the coordinate measured
along the stretching surface and c(> ) is a constant for a stretching sheet. Likewise, the
temperature distribution for the sheet is assumed to be in the form Tw = T∞ +Axr where
Tw is the temperature of the sheet, T∞ is the temperature of the ambient, A and r are
constants. Also, the sheet is assumed to be porous with the suction velocity vw > .























































where u and v are the velocity components in the x and y directions, respectively. ρ is
the density of the ﬂuid, κ is the ﬂuid thermal conductivity and K is a positive parameter
associated with the viscoelastic ﬂuid. T is the temperature of the ﬂuid, μ is the ﬂuid vis-
cosity, μe is the dynamic viscosity of the ﬂuid due to the ﬂow in the porous medium, k is
the permeability of the porous medium, q′′′ is the rate of internal heat generation, and cp
is the speciﬁc heat at constant pressure. We must observe that in the second term of the
right hand side of equation (), we follow [–].
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The boundary conditions with the slip condition [–] can be written as


















v = –vw, Tw = T∞ +Axr at y = ,
()
u→ , T → T∞, as y→ ∞, ()
where a is the velocity slip factor. The mathematical analysis of the problem is simpliﬁed













where η is the similarity variable, f (η) is the dimensionless stream function, ν = μ
ρ
is the
kinematic viscosity, and θ (η) is the dimensionless temperature. It can be seen that a simi-
larity solution exists only when we take r = .







a∗(Tw – T∞)e–η + b∗(T – T∞)
]
. ()
Therefore, upon using these variables, the boundary layer governing equations ()-() can
be written in the following non-dimensional form:
f ′′′ – f ′ + ﬀ ′′ – βf ′ +K
(





′′ + f θ ′ – f ′θ + Ec
(







the boundary conditions are
f = fw, f ′ =  + λ
[(
 – Kf ′
)
f ′′ +Kfwf ′′′
]
, θ = , at η = , ()
f ′ → , f ′′ → , θ → , at η → ∞, ()
where β = μe
ρck is the porous parameter, K =
cK
μ
is the viscoelastic parameter, Pr = μcp
κ
is
the Prandtl number, Ec = cAcp is the Eckert number, fw =
vw√cν >  is the suction velocity




is the velocity slip parameter.
Finally, the local skin friction coeﬃcient Cf and the local Nusselt number analysis Nu,





 – Kf ′()
)







where Rex is the local Reynolds number.
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3 Procedure solution using Chebyshev spectral collocationmethod
3.1 An approximate formula of the derivative for Chebyshev polynomials
expansion




(–)in–i– (n – i – )!(i)!(n – i)!z
n–i, ()
where [ n ] denotes the integer part of
n
 .
In order to use these polynomials on the interval [, ] for example, we deﬁne the so-
called shifted Chebyshev polynomials by introducing the change of variable z = x – .
The shifted Chebyshev polynomials are denoted by STn(x) = Tn(x – ) = Tn(
√x). We
can generalize this formula in any interval [,η∞].
The function y(x), which belongs to the space of square integrable functions in [, ],




















dx, i = , , . . . . ()











k(n + k – )!
(k)!(n – k)! x
k , n = , , . . . . ()
Themain approximate formula of the derivative of ym(x) is given in the following theorem.
Theorem  Let y(x) be approximated by shifted Chebyshev polynomials as () and also











where λi,k,r is given by
λi,k,r = (–)i–k
ki(i + k – )!k!
(i – k)!(k)!(k – r)! . ()
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Proof The proof of this theorem can be done directly with the help of equation () and
some properties of the shifted Chebyshev polynomials. 
Also in this subsection, special attention is given to study the convergence analysis and
evaluating the upper bound of the error of the proposed formula.
Theorem  The derivative of order r for the shifted Chebyshev polynomials can be ex-













(–)i–ki(i + k – )!(k – r +  )
hj(k +  )(i – k)!(k – r – j + )(k + j – r + )
, h = ,hj = , j = , , . . . .
Proof We concern the properties of the shifted Chebyshev polynomials [] and expand













dx, h = ,hj = , j = , , . . . .










(k – r + /)
(k – r + ) ,






(–)j– (j +  – )!
+(k +  – r + /)

















i–k (i+k–)!kk!(k–r+  )






(j–l)!(l)!(k+l–r+) , j = , , . . . .
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After some lengthly manipulation i,j,k can put in the following form:
i,j,k =
(–)i–ki(i + k – )!(k – r +  )
hj(k +  )(i – k)!(k – r – j + )(k + j – r + )
, j = , , . . . , ()
and this completes the proof of the theorem. 
Theorem  The error |ET (m)| = |D(r)y(x) – D(r)ym(x)| in approximating D(r)y(x) by












Proof A combination of equations (), (), and () leads to























and subtracting the truncated series from the inﬁnite series, bounding each term in the
diﬀerence, and summing the bounds completes the proof of the theorem. 
3.2 Procedure solution
In this subsection, we implement the proposedmethod to solve numerically the system of
ordinary diﬀerential equations of the form ()-(). The unknown functions f (η) and θ (η)








































































































































































































































For suitable collocation points, we use the roots of the shifted Chebyshev polynomial
STm–n+(η). Also, by substituting formula () in the boundary conditions ()-() we






























where i = ST ′i (),i = ST ′′i (),i = ST ′i (η∞),i = ST ′′i (η∞).
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Table 1 Comparison of –(1 – K)f ′′(0) with fw = β = λ = 0 using the previous work and the
Chebyshev spectral collocation method





Figure 1 The physical conﬁgurations diagram.
Figure 2 The behavior of the velocity and temperature distribution for various values of β .
Equations ()-(), together with the six equations of the boundary conditions (),
give a system of (m + ) algebraic equations which can be solved, for the unknowns ci,
di, i = , , . . . ,m, using Newton iteration method.
4 Results and discussion
For the non-Newtonian viscoelastic ﬂuid the value of the skin friction coeﬃcient is equal
to –(–K)f ′′(). To validate our numerical solution, we compare that valuewith the earlier
work of Rajagopal et al. []. Table  presents these values with those using the Chebyshev
spectral collocation method. This comparison ensures that our results are in excellent
agreement with this reference.
Also, in this section, computational results are shown in Figures -. The velocity de-
creases with the increasing values of porous parameter β as shown in Figure . Physically,
a greater of β means a high dynamic viscosity μe, which corresponds to porous medium
and a small permeability for the porous medium, which causes the production of a resis-
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Figure 3 The behavior of the velocity and temperature distribution for various values of Ec.
Figure 4 The behavior of the velocity and temperature distribution for various values of λ.
tance force to the ﬂuid ﬂow which causes a decrease for the velocity distribution when β
increases and so enhances the temperature distribution along the thermal boundary layer
as we can see from Figure . Also, from this ﬁgure we can observe that, owing to the in-
crease in the value of the porous parameter, and as a result, the thermal boundary layer
becomes thicker but the momentum boundary layer becomes thinner.
Figure  depicts dimensionless velocity and temperature proﬁles for various values of
the Eckert number. From this ﬁgure, we note that, when the Eckert number is larger the
velocity curve is lower, so that the momentum eﬀect is lower for a larger Eckert number.
Also, from the sameﬁgurewe can note that after increasing the value of the Eckert number,
the thermal boundary layer becomes thicker but the temperature distribution enhances.
Figure  plots the dimensionless velocity and the dimensionless wall temperature versus
similarity variable η for selected values of slip velocity parameter. It is worth noting that the
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Figure 5 The behavior of the velocity and temperature distribution for various values of fw .
Figure 6 The behavior of the temperature distribution for various values of a∗,b∗ .
velocity decreases with the increase of the velocity slip parameter, while the temperature
is increased with the increase of the same parameter.
The eﬀects of the suction parameter on the ﬂuid ﬂow and the temperature distribution
have been analyzed and the results are presented in Figure . This ﬁgure shows that the
suction parameter has a profound eﬀect on the boundary layer thickness in which the
suction reduces the thermal boundary layer thickness. So, the net eﬀect for the suction
parameter is to slow down both the ﬂow velocity and the temperature distribution.
Figure  indicates that the thermal boundary-layer thicknesses increase when the inter-
nal heat generation parameters a∗ >  and b∗ >  become stronger, whereas the internal
heat absorption parameters a∗ <  and b∗ <  have the opposite eﬀect. Also, it is noticed
that the highest temperature distribution for the ﬂuid in the boundary layer was obtained
with the greatest heat generation parameters a∗ >  and b∗ > . Likewise, it is shown that
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the eﬀect of the heat absorption parameters a∗ <  and b∗ <  causes a drop in the tem-
perature distribution as the heat following from the sheet is absorbed.
5 Conclusions
The Chebyshev spectral collocation method is used to solve the problem of ﬂow and heat
transfer of a viscoelastic ﬂuid over a stretching sheet which is embedded in a porous
medium with viscous dissipation, internal heat generation/absorption, and slip velocity.
The convergence analysis and the upper bound of the error for the proposed method are
presented. From the study, it was found that increasing the suction parameter, the porous
parameter, and the slip velocity parameter lowers the momentum boundary layer thick-
ness. Furthermore, an increasing Eckert number causes the thermal boundary layer and
temperature distribution to increase.
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